Abstract-We consider an elastic body with a rigid inclusion and a crack located at the boundary of the inclusion [11] . It is assumed that non-penetration conditions are imposed at the crack faces which do not allow the opposite crack faces to penetrate each other. The differentiability of the elastic energy with respect to the crack length, for the crack located at the boundary of rigid inclusion, is established [11] .
I. INTRODUCTION
Asymptotic analysis for singular perturbations of the domain of integration for elliptic boundary problems can be performed in linear and non-linear cases by the method of compound asymptotic expansions. Such an approach cannot be applied in the case of variational inequalities or unilateral problems. The difficulty arises from the fact that the inner and outer asymptotic expansions are unknown for solutions of variational inequalities. By using the Hadamard differentiability of the metric projection into the cone of positive elements in Dirichlet-Sobolev spaces we can establish one term inner asymptotic expansion for the contact problems with non-penetration conditions. We present the method for the cracks on the boundaries of rigid inclusions. It is shown, that the first term of the expansion of elastic energy functional with respect to the crack length can be obtained. The result seems to be new in the literature, and the full proof can be found in [11] .
II. PROBLEM FORMULATION
Let Ω ⊂ R 3 be a bounded domain with smooth boundary Γ, and ω ⊂ Ω be a subdomain with smooth boundary Ξ such that ω ∩ Γ = ∅. We assume that Ξ consists of two parts γ and Ξ \ γ, meas(Ξ \ γ) > 0, where γ is a smooth 2D surface described as x i = x i (y 1 , y 2 ), (y 1 , y 2 ) ∈ D, i = 1, 2, 3, with bounded domain D ⊂ R 2 having a smooth boundary ∂D, and a rank of the matrix ∂x ∂y is equal to 2. Denote by ν = (ν 1 , ν 2 , ν 3 ) a unit outward normal vector to Ξ, see Fig. 1 . The subdomain ω is assumed to correspond to a rigid inclusion, and the surface γ describes a crack located on Ξ. Domain Ω \ ω corresponds to the elastic part of the body. For the further use we introduce the space of infinitesimal rigid displacements
Denote Ω γ = Ω \ γ. Problem formulation describing an equilibrium of the elastic body with the rigid inclusion ω and the crack γ is as follows. In the domain Ω γ , we have to find functions u = (u 1 , u 2 , u 3 ), u = ρ 0 on ω; ρ 0 ∈ R(ω); and in the domain Ω \ ω we have to find functions σ = {σ ij }, i, j = 1, 2, 3, such that
Here
All functions with two lower indices are assumed to be symmetric in those indices. Summation convention over repeated indices is accepted throughout the paper. Elasticity tensor A = {a ijkl }, i, j, k, l = 1, 2, 3, is given, and it satisfies a symmetry and positive definiteness properties,
In addition, we consider the isotropic case, namely
where I and I respectively are the second and fourth order identity tensors and, m and l are the Lamé coefficients, which can be defined in terms of the Young modulus E and the Poisson ratio υ as
Relations (1) are equilibrium equations, and (2) corresponds to the Hooke's law. Inequality (4) describes a mutual nonpenetration between crack faces γ ± . The first relation in (5) means a zero friction between the crack faces. For simplicity we assume a clamping condition (3) on Γ.
Note that external forces F are applied to Ω \ ω as well as to ω, but there are no equilibrium equations in ω. Influence of these forces is taken into account through (7). If we have no crack γ on Ξ, relations (4)-(6) should be omitted. This particular problem formulation for the particular case F = 0 in ω can be found in [13] .
First of all we provide a variational formulation of the problem (1)- (7) . To this end, introduce the Sobolev space
and define the set of admissible displacements
where σ(v) = σ are defined from (2) for u = v, and a minimization problem
The set K ω is weakly closed in the space H 1,ω Γ (Ω γ ), and the functional Π is coercive and weakly lower semicontinuous on this space. Hence the problem (13) has a solution satisfying the variational inequality
Solution u of the problem (14)- (15) is unique.
III. SHAPE DIFFERENTIABILITY OF THE ENERGY

FUNCTIONAL
First of all, we recall the result on the Hadamard differentiability of the metric projection on polyhedral convex sets in Hilbert spaces, adapted to the weak formulation of our problem given by variational inequality (14)- (15) .
Theorem 3.1: Let there be given the right-hand side F t = F + th of variational inequality (14)- (15), then the unique solution u t ∈ K ω is Lipschitz continuous
where the conical differential solves the variational inequality
The remainder converges to zero
uniformly with respect to the direction h on the compact sets of the dual space (H 1,ω Γ (Ω γ )) * , i.e., Q is the Hadamard directional derivative of the solution to the variational inequality with respect to the right-hand side.
To complete the above statement, we need the description of the convex cone S K (u),
. We show that the energy functional is shape differentiable with respect to the crack length, which seems to be a new result in the fracture mechanics for the specific problem. To this end we need the notation.
a) Shape sensitivity analysis in the hold-all-domain: We denote Ω 0 := Ω γ , and D = D∪ω, so D is our hold-all-domain for velocity vector fields, in addition we have the inclusion Ω ⊂ D. We assume that the boundary ∂D = ∂D ∪ ∂ω is smooth, and that admissible vector fields for the velocity method of shape optimization satisfies the Nagumo condition
The above condition guarantee the following properties of the mapping T t (V ), the support of any admissible vector field V is disjoint with ω, V is tangent on the boundary ∂ω, we can also deform γ ⊂ ∂Ω in the tangential direction, therefore, to move the crack boundary on the surface ∂ω. Hence, we denote γ t = T t (V )(γ) and Γ t = T t (V )(Γ) and we observe that the boundary of rigid inclusion is invariant for admissible transformations T t (V ), it means that ω = T t (ω). b) Variable domain setting: In order to perform the shape sensitivity analysis of the energy functional J(Ω γ ) we transport the problem defined in the variable domain Ω t = T t (Ω γ ) to the fixed domain Ω γ = Ω γ . To this end we need also a change of the unknown solution to the variational inequality, in order to make the convex cone independent of the parameter t. First, we define the problem in variable domain Ω t = T t (V )(Ω γ ), so we look for the minimizer u t ∈ K t defined by the variational inequality
where
Now, we perform the shape sensitivity analysis in exactly the same way as it is described in [19] for the Signorini problems. We use also the same notation which is introduced in [19] for the sensitivity analysis of variational inequalities with the polyhedral convex cones, this is the case of the convex set (20). However, the results presented here seem to be new, since the model of the crack with non-penetration condition is new in this setting. We derive the form of the directional derivative of the energy functional with respect to the crack length, which a generalization of the results given in [8] for the crack located inside of an elastic body.
In order to assure the fixed domain setting for the transported problem we introduce the new unknown solution to the modified variational inequality z t = DT −1 t · u t • T t , and we obtain that z t ∈ K solves the variational inequality
∀v ∈ K, with the shape functional of the form
The expressions for F t , σ t (v) and ε t (v) are given by
where DT t is the Jacobian matrix of the transformation T t , * DT t denotes the transposed matrix, DT
The structure of formulae in (26) is useful for the derivation with respect to the shape parameter t at t = 0.
Theorem 3.2: The solutions to variational inequality (21) are shape differentiable in the sense of Hadamard, and the material derivativesż ∈ S K (u) are given by the following variational inequality
for all test functions in the convex cone v ∈ S K (u). Corollary 3.3: The shape derivative of the energy functional is given by the expression,
where u ∈ K solves variational inequality (21) , andż ∈ S K (u) solves the variational inequality for material derivatives (27). The expressions forσ(v) andε(v) are given bẏ
IV. TOPOLOGICAL ASYMPTOTIC ANALYSIS
The topological derivative introduced in [17] quantifies the sensitivity of a given shape functional with respect to the introduction of a non-smooth perturbation (hole, inclusion, source term, for instance) in a ball B δ (x 0 ) ⊂ Ω of radius δ > 0 and center at x 0 ∈ Ω, that is B δ (x 0 ) = {x ∈ R 3 : x − x 0 < δ}, B δ (x 0 ) is the closure of B δ (x 0 ). Therefore, this derivative can be seen as a first order correction on the shape functional J (Ω) to estimate J (Ω δ ), where Ω δ is the perturbed domain. Thus, we have the following topological asymptotic expansion for functional J ,
where f (δ) is a positive function that decreases monotonically such that f (δ) → 0 when δ → 0 + and the term D T (x 0 ) is defined as the topological derivative of J . Then, from (29) we have that the classical definition of the topological derivative is given by [15] , [17] 
(30) Therefore, the topological derivative has been successfully applied e.g., in the context of topology optimization [1] , inverse problems [2] , [3] and image processing [6] . Concerning the theoretical development of the topological asymptotic analysis, the reader may refer to [14] , for instance. In our particular case, we consider a perturbation on the domain given by the nucleation of a small elastic inclusion with Young modulus E η = ηE, where E is the Young modulus of the bulk material and η ∈ [0, ∞) represents the contrast. We assume that there is a small elastic inclusion B δ (x 0 ) in the elastic region Ω ω = Ω \ ω. If the elastic inclusion becomes a cavity, it is denoted by ω δ = B δ (x 0 ). The cavity can be obtained from the elastic inclusion by the limit passage η → 0. In the case of elastic inclusion the elastic region Ω ω is decomposed into two disjoint parts Ω ω \ B δ (x 0 ) and B δ (x 0 ) with different material properties, namely E and ηE, respectively. The other limit passage with the contrast η → ∞ results in the small rigid inclusion ω δ = B δ (x 0 ). See  Fig. (2) . We are also interested in the topological asymptotic expansion of the energy shape functional of the form
where we have to find function v = u δ such that
with A such as before and A η = ηA (since E η is the Young modulus of the inclusion).
A. Domain decomposition
Since the problem is non-linear, let us introduce a domain decomposition given by Ω R = Ω ω \B R (x 0 ), where B R (x 0 ) is a ball of radius R > δ and center at x 0 ∈ Ω, that is B R (x 0 ) = {x ∈ R 3 : x − x 0 < R}, B R (x 0 ) is the closure of B R (x 0 ), as shown in Fig. (2) . For the sake of simplicity, we assume that F = 0 in B R (x 0 ). Thus, we have the following linear elasticity system defined in B R (x 0 ) with an inclusion
We are interested in the Steklov-Poincaré operator on ∂B R , that is
∀ϕ ∈ K ω , and the bilinear form a Ω R is such that
Finally, in the disk B R (x 0 ) we have
where w = w δ is the solution of the elasticity system in the disk (41)-(46) or equivalently solution of the following variational problem
(51) with W and W 0 such that
B. Shape sensitivity analysis of the energy functional
Let us introduced the energy-based shape functional defined in the disk B R (x 0 ), that is
We need to calculate
which was obtained using the Reynold's transport theorem and the concept of material derivatives of spacial fields [19] . Some of the terms in (52) require explanation. Vector V represents the shape change velocity field defined on the disk B R (x 0 ) and such that V = 0 on ∂B R and V = ν on ∂B δ . Thus,ẇ δ ∈ W 0 is the material (total) derivative with respect to δ. Finally, the Eshelby energy-momentum tensor Σ takes the form
Sinceẇ δ ∈ W 0 and considering that Σ(w δ ) is a freedivergence tensor field (divΣ(w δ ) = 0), the shape derivative of the energy functional becomes
C. Topological derivatives calculation
By introducing (53) in (30), we have
1) Topological derivative of the energy functional in three spatial dimensions for a small cavity: In the three spatial dimensions we consider the particular case associated to the energy change due to the nucleation of a spherical cavity. Thus, for the convenience of the reader we recall here the results derived in [?], [5] , [16] for the three dimensional elasticity case.
Theorem 4.1: Let us consider the contrast η → 0. Thus, the elastic inclusion degenerates to a spherical cavity with homogeneous Neumann boundary condition. In this case, the energy shape functional admits for δ → 0 the following topological asymptotic expansion
with the topological derivative D T (x 0 ) given by
where u is solution of the variational inequality (14)- (15) and H is a forth-order tensor defined as
2) Topological derivative of the energy functional in two spatial dimensions for a small inclusion: In two spatial directions we derive also an exterior expansion for the solutions of the variational inequality. Therefore, the result obtained is more precise compared to the general case of the cavity in three spatial dimensions. First, we repeat the model description, and then we develop the asymptotic analysis in linear elasticity to derive the equivalent form of perturbation of the bilinear form.
Since in this Section we are dealing with a two dimensional elasticity problem, then the domain Ω ⊂ R 2 . Thus, all indices introduced in the Section II take values from 1 to 2, instead of 1 to 3. In the particular case of plane stress, the Lamé coefficient l = l * , where In addition, the crack γ is represented now by a smooth 1D curve described as
with bounded domain D ⊂ R. The space R(ω) of infinitesimal rigid displacements is redefined simply by setting
The displacement field u = (u 1 , u 2 ); u = ρ 0 in ω; ρ 0 ∈ R(ω); and in the domain Ω \ ω we have to find the stress tensor components σ = {σ ij }, solution of (1)- (7) in Ω ⊂ R 2 for i, j = 1, 2. Hence, all definitions and results presented in the previous Sections hold.
We use the existence of the asymptotic expansions for w δ , solution of the elasticity system (41)-(46) now defined in the disk B R (x 0 ) ⊂ R 2 , in the neighbourhood of B δ (x 0 ), namely
In addition, w ∞ is proportional to δ, w ∞ R 2 = O(δ), on the surface ∂B ρ of the ball. The expansion of σ(w δ ) corresponding to (41)-(46) has the form
where σ ∞ is the stress distribution around a circular inclusion in an infinity medium and w 0 is solution of the elasticity system (41)-(46) defined in the disk B R (x 0 ) ⊂ R 2 for δ = 0. Thus, σ ∞ can be calculated explicitly, we refer the reader to [11] for all details.
The jump condition of the stress field σ(w δ ) can be written as
(60) In the same way, the continuity condition of the displacement field w δ implies Finally, considering (63) in (54) we can calculate the integral on ∂B δ explicitly, which allows to identify function f (δ) = πδ 2 . Then, after calculate the limit δ → 0, we obtain the following result:
Theorem 4.2: The energy shape functional admits for δ → 0 the following topological asymptotic expansion
where u is solution of the variational inequality (14)- (15) in Ω ⊂ R 2 and H η is a forth-order tensor defined as
(1 − η) 
